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Context
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Some facts about the �rst wave

Overview of the pathway for hospitalised Covid-19 patients (Courtejoie and

Dubost, 2020):

SI-VIC database (système d'information pour le suivi des victimes) to

monitor hospital admissions in the event of exceptional sanitary

situations.

Overall mortality rate: 19%; halved between early March and mid

June.

17% for women, 21% for men; 2% for < 40 y.o., 33% for > 80 y.o.

Median age for deceased individuals: 81 years.
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Modelling motivation

Covid-19 Dataset from SI-VIC database: all hospitalisation for Covid-19

patients in AP-HP hospitals.

dt.�rst dt.last outcome sex age hospital

2020-03-17 2020-04-05 rad F 45 Robert Debré

2020-03-14 2020-03-25 rad F 29 Robert Debré

2020-03-18 2020-03-29 dc H 80 St Antoine

2020-03-11 2020-03-15 dc H 62 St Louis

2020-03-04 2020-03-09 dc F 72 Pitié Salpétrière

2020-03-16 2020-03-20 dc H 92 Raymond Poincaré

Motivation: We wish to model the risk of death of a patient hospitalised

for Covid-19, with respect to covariates, in an online framework.
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O�ine vs online framework

Machine learning terminology.

O�ine (or batch learning): Build a model from the whole dataset.

Online: Train the model as the data comes in.

Learn trends in real-time: adapt on-the-�y to new data.

Time constraints: no need to re-run the whole algorithm, past

observations can be discarded.
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A carousel of estimation methods

1 Logistic regression

2 Survival analysis

3 Non-parametric estimation

4 Perspectives: maximum weighted likelihood estimation
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Logistic regression

For individual i, let Ei denote the date of admission and Ui the outcome of

hospitalisation:

Ui = 1, if the individual i dies,

Ui = 0, if the individual i lives.

From an i.i.d. sample
(
(e1, u1), . . . , (en, un)

)
, we wish to explain the risk

of death as a function of the date of admission of the individual:

pi = P(Ui = 1|Ei = ei).

We model the outcome with a logistic regression:

Ui
ind.∼ B(pi),

g(pi) = β0 + β1ei.
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Choice of the link function g

g must be chosen as a map from (0, 1) to R.
Two usual choices:

The probit function: probit(pi) = Φ−1(pi), where Φ(x) is the CDF of

the normal distribution.

The logit function: logit(pi) = log
(

pi

1−pi

)
.

The logit function can be easily interpreted in terms of odds-ratio:

logit(p1)− logit(p2) = log

(
p1/(1− p1)
p2/(1− p2)

)
.
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Maximum likelihood estimation

Suppose that the data (U1, . . . , Un) is generated from distribution

fθ0(y) with true parameter θ0.
The log-likelihood of the model is written ln(θ) = 1

n

∑n
i=1 l(θ;Ui).

For the logistic regression,

ln(θ) =
1

n

n∑
i=1

Ui log pi + (1− Ui) log(1− pi).

De�ne θ̂n as the maximum likelihood estimator of θ.

Theorem: Under regularity conditions, θ̂n is consistent, i.e. θ̂n
P→ θ0, and

is asymptotically normal:

√
n(θ̂n − θ0)→ N

(
0,

1

I(θ0)

)
,

where I(θ0) = Eθ0
[(

∂
∂θ log fθ(U) |θ=θ0

)2]
is called the Fisher information.
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Parametric inference

Asymptotic con�dence interval

Using the asymptotic normality of the MLE θ̂n, we build approximate

con�dence interval for θ0 for n large:

IC1−α(θ0) ≈

[
θ̂n +

uα/2√
nI(θ0)

; θ̂n +
u1−α/2√
nI(θ0)

]
,

with ua the quantile of order a of the normal distribution.

Using R, we �nd:

IC95%(β1) = [−0.022;−0.015],

or, as an odds-ratio:

IC95%

(
eβ1
)

= [0.978; 0.985].
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Predicting the risk of death
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A carousel of estimation methods

1 Logistic regression

2 Survival analysis

3 Non-parametric estimation

4 Perspectives: maximum weighted likelihood estimation
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Censored data

I Analysis of data on times of events in individual life-histories.

. How to deal with censored data?

. Modelling events continuously in time, conditioning on past events.

. Hazard rate (and product-integration).
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Survival analysis

Survival function and measure:

S(t) = P(T > t), and S(s, t) =
S(t)

S(s)
.

Cumulative hazard function and measure:

Λ(t) =

∫ t

0

F (ds)

S(s−)
, and Λ(s, u) = Λ(s, t) + Λ(t, u).

Intuitively:

Λ(dt) = P(T ∈ dt | T ≥ t) = 1− S(dt),

S(dt) = P(T 6∈ dt | T ≥ t) = 1− Λ(dt).

This provides the dual relationship:

Λ(t) =

∫
(0,t]

(1− S(ds)), and S(t) = R
(0,t]

(1− Λ(ds)).
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Random censorship model

Unobservable positive random variables,

T1, . . . , Tn ∼i.i.d. F ; independent of

C1, . . . , Cn ∼i.i.d. G.

What we observe, for 1 ≤ i ≤ n,

Yi = min(Ti, Ci), and δi = 1{Ti ≤ Ci}.

Nelson-Aalen estimator (Nelson, 1969; Altshuler, 1970; Aalen, 1978):

Λ̂(dt) =
#{i : Yi ∈ dt, δi = 1}

#{i : Yi ≥ t}

then Λ̂(t) =
∫ t
0 Λ̂(ds) and Ŝ(t) = R

t

0
(1− Λ̂(ds)).
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Kaplan-Meïer estimator (Kaplan and Meier, 1958)

1− F̂n(x) =

n∏
i=1

(
1−

δ[i:n]

n− i+ 1

)1{Yi:n≤x}
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Methods for studying the Kaplan-Meïer estimator:

as an empirical process (e.g. Donsker theorem);

through martingale methods (e.g. Glivenko-Cantelli theorem);

(Gill, 1993; Stute, 1995).
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IPCW estimator (Satten and Datta, 2001)

De�ne the Inverse-Probability-of-Censoring Weighted estimator of F by

weighing the e.c.d.f. by the inverse of the probability that the failure time

T is observed:

F̂ (t) =
1

n

n∑
i=1

1{ti ≤ t}δi
1− Ĝ(ti)

,

Ĝ(t) =
1

n

n∑
i=1

1{ti ≤ t}δ̄i
1− F̂ (ti)

.
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Back to Covid-19

Recall that we are interesting in estimating p = P(U = 1), with
(Ti, Ci, Ui) i.i.d. and Ti ⊥⊥ Ci.
Since

E
[

δ1U1

1−G(Y1−)

]
= E

[
U1

1−G(T1−)
E[1{T1 ≤ C1} | T1, U1]

]
= E

[
U1

1−G(T1−)
(1−G(T1−))

]
= P(U1 = 1).

De�ne, for a given date of observation:

p̂ =
1

n

n∑
i=1

δiUi

1− Ĝ(Yi−)
.
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Online estimation of risk of death
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A carousel of estimation methods

1 Logistic regression

2 Survival analysis

3 Non-parametric estimation

4 Perspectives: maximum weighted likelihood estimation
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Kernel density estimation

Introduced by (Rosenblatt, 1956) to extend the histogram.

For a general kernel (positive, symmetric, integrates to 1) and a

bandwidth parameter h, de�ne:

Kh(x) =
1

h
K
(x
h

)
.

Kernel density estimator:

f̂h(x) =
1

n

n∑
i=1

Kh(x−Xi) =
1

nh

n∑
i=1

K
(x−Xi

h

)
.

Trade-o� in convergence speed: bias O(h2) vs. variance O(1/
√
nh).
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Regression smoothing

From the i.i.d. sample {(Xi, Yi)}ni=1, estimate the non-parametric

regression model:

Yi = m(Xi) + εi,

where m(x) = E[Y | X = x].

The Nadaraya-Watson estimator (Nadaraya, 1964; Watson, 1964):

m̂h(x) = n−1
∑n

k=1Kh(x−Xi)Yi
n−1

∑n
k=1Kh(x−Xi)

.

Same bias-variance trade-o�: O(h2) +O(1/
√
nh).

(Härdle, 1991).
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Choice of bandwidth parameter h

For optimal speed of convergence, choose h ∼ n−1/5, then
MSE(m̂h(x)) = O(n−4/5).

In practice,

V ar(m̂h(x)) ∝ K, f(x), σ2(x),

Bias2(m̂h(x)) ∝ K,m′′(x),m′(x), f ′(x), f(x).

Idea: �nd the bandwidth h that minimises a distance between the

unknown curve m and the estimator m̂h.

Cross-validation score:

CV (h) = n−1
n∑
i=1

(Yi − m̂h,i(Xi))
2w(Xi),

where w(·) allows to drop observations at the boundary of X.

A sequence of bandwidths based on CV (h) is asymptotically optimal.
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Back to Covid-19

Recall that we are interesting in estimating p = P(U = 1), with
(Ti, Ci, Ui) i.i.d. and Ti ⊥⊥ Ci.
In presence of censoring, de�ne the following Nadaraya-Watson

estimator:

p̂h(e) = n−1
∑n

k=1Kh(e− Ei)δiUi/(1− Ĝ(Yi−))

n−1
∑n

k=1Kh(e− Ei)
.

Studied partially by (Guessoum and Ould-Said, 2009).
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Online non-parametric estimation of risk of death
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Perspectives

. The Nadaraya-Watson is a method of moment estimator: we ought to do

better with methods based on the likelihood.

. We would like to add more covariates to estimation: curse of

dimensionality for non-parametric estimation.

. The full likelihood for the random censorship model is not straightforward

to work with.

. De�ne as an estimator of p the value that maximises

l̂n(θ; e) =
1

n

n∑
i=1

Kh(e− Ei)
δi

1− Ĝ(Yi−)
l(θ;Ui),

where l(θ;Ui) = Ui log p+ (1− Ui) log(1− p).
. Idea: show that l̂n(θ; e) is a consistent estimator of E[l(θ;U) | E = e].
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Projected advantages of this approach

Easy to implement, by weighting the input of existing maximum

likelihood estimation algorithms.

Able to extend the likelihood by including covariates in the model.

Determine categories of individuals at risk by integrating decision trees

into the estimation method.
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Some notations

Suppose that the data (Y1, . . . , Yn) is generated from distribution

fθ0(y) with true parameter θ0.

The log-likelihood of the model is written

ln(θ) =
1

n

n∑
i=1

li(θ).

For the logistic regression,

ln(θ) =
1

n

n∑
i=1

Yi log pi + (1− Yi) log(1− pi).

De�ne θ̂n as the maximum likelihood estimator of θ.
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Consistency of the likelihood

De�ne, for l1(θ) = log fθ(Y1):

l(θ) = Eθ0 [l1(θ)] =

∫
(log fθ(y))fθ0(y)dy.

Lemma: For any θ,
l(θ) ≤ l(θ0).

If the model is identi�able, then the inequality is strict for θ 6= θ0.

Idea of the proof: Remark that the di�erence

l(θ0)− l(θ) = Eθ0 log
fθ0(Y )

fθ(Y )

is a Kullback-Leibler divergence. Show that it is non-negative (e.g. using

Jensen's inequality).
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Consistency of the likelihood (cont'd)

De�ne, for l1(θ) = log fθ(Y1):

l(θ) = Eθ0 [l1(θ)] =

∫
(log fθ(y))fθ0(y)dy.

Theorem: If ln(θ) is continuous and has a unique maximum, then θ̂n is

consistent, i.e. θ̂n
P→ θ0.

Idea of the proof: We have the following assertions:

θ̂n is the maximiser of ln(θ) (by de�nition);

θ0 is the maximiser of l(θ) (by lemma);

∀θ, ln(θ)
P→ l(θ) (by WLLN).
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Fisher information

De�ne, for a log-likelihood l(θ) = fθ(y), the Fisher information function

by

I(θ) = Eθ
[
(l′(θ))2

]
= Eθ

[(
∂

∂θ
log fθ(Y )

)2
]
.

Lemma: We have the following:

I(θ) = Varθ
(
l′(θ)

)
, and I(θ) = −Eθ

[
l′′(θ)

]
.

Idea of the proof: We have, by swapping the derivative and the integral:∫
∂

∂θ
fθ(y)dy =

∂

∂θ

∫
fθ(y)dy = 0,

and ∫
∂2

∂2θ
fθ(y)dy =

∂2

∂2θ

∫
fθ(y)dy = 0.
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Asymptotic normality

Theorem: Under regularity conditions, we have that

√
n(θ̂n − θ0)→ N

(
0,

1

I(θ0)

)
.

Idea of the proof: A Taylor expansion of l′n(θ̂n) around θ0 gives:

0 = l′n(θ̂n) = l′n(θ0) + (θ̂n − θ0)l′′n(θ∗n),

for some θ∗n between θ0 and θ̂n.
Therefore,

√
n(θ̂n − θ0) = −

√
n l′n(θ0)

l′′n(θ∗n)
.
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Asymptotic normality (cont'd)

For the numerator:

√
n l′n(θ0) =

√
n

(
1

n

n∑
i=1

l′i(θ0)− 0

)

=
√
n

(
1

n

n∑
i=1

l′i(θ0)− Eθ0 l
′
1(θ0)

)
→ N

(
0,Varθ0(l′1(θ0)) = I(θ0)

)
, by CLT.

For the denominator:

For all θ, l′′n(θ)
P→ Eθ0 l′′1(θ) (by WLLN);

Since θ∗n ∈ [θ0, θ̂n] and θ̂n
P→ θ0 (by consistency), we have θ∗n

P→ θ0;

Therefore l′′n(θ∗n)
P→ Eθ0 l′′1(θ0) = −I(θ0).
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