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Risk factor and attributable risk

Risk factor : any variable associated with an increased risk of disease.

Evidenced by epidemiological surveys (e.g. cohort, case-control
studies) :

Exposed Unexposed

Cases a b
Controls c d

Attributable risk (Levin, 1953) :

RA =
P(D)− P(D|Ē)

P(D)
.

Can be interpreted as the proportion of cases that could be avoided if
the exposure to the risk factor was removed.

Estimator of the attributable risk (Benichou, 2001 ; Bard et al., 2005) :

R̂A =
ad− bc

(a+ b)(b+ d)
.
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Generalised linear models

Problem : aggregate data

2 3 0 2 2

Generalised linear model :
Let yt denote the number of cases, xt the level of exposure to the risk
factor and Zt some potential confounding factors ;

yt ∼ Lθ(µt),
g(µt) = βxt + ZtB.
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Attributable risk

Problem : the probabilities P(D) and P(D|Ē) are not well de�ned.
Idea : De�ne the attributable risk as the proportion of cases that would be
prevented if the exposure to the risk factor was removed.

Let :
yt = y∗t + χt,

where y∗t = number of cases in the absence of exposure ;,
and χt = contribution from the risk factor.

Attributable fraction on a given window of time T = {t1, t2, . . .} :

FA(T ) =

∑
t∈T yt − y∗t∑

t∈T yt
.

Objective :

Estimate the attributable risk conditionally to yt and xt ;
Equivalently, predict y∗t (or χt) using the realisations of yt and xt.
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Attributable risk
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Dependency between yt and y
∗
t

Estimating y∗t by E[y∗t ] ignores the dependency between the baseline y∗t
and the outcome yt.

Marginal distribution of y∗t :

y∗t ∼ Lθ(µ∗t ),
g(µ∗t ) = ZtB.

For the linear regression model :

Let :
yt = βxt + ZtB + εt, y∗t = ZtB + εt.

yt − y∗t = βxt, but yt − E[y∗t ] = βxt + εt.
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Some simple estimators

For the linear regression model :

F̂An(T ) = β̂n

∑
t∈T xt∑
t∈T yt

.

For the Poisson regression model :

yt ∼ P
(
µt
)
,

g
(
µt
)

= βxt + ZtB.

Non additive error structure.

Assume that y∗t ⊥⊥ χt.
Then

χt|yt, xt ∼ B(yt, pt), où pt =
µt − µ∗t
µt

.

And

F̂An(T ) =

∑
t∈T p̂tyt∑
t∈T yt

.
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Antibiotics and respiratory infectious diseases in children
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Estimated attributable fractions

Fraction of antibiotic use attributable to lower respiratory infections :
means [and 95% con�dence intervals] during winter.

75 years and above 5 years and below

Non viral lower respiratory infections
Pneumonia 38 [26�50] 25 [19�32]

Viral lower respiratory infections
Bronchiolitis 19 [13�26]
Bronchitis 17 [10�24] 14 [07�21]
In�uenza-like illness 02 [01�03] 07 [05�09]
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Observational vs. interventional distribution

Observational p(y | x) : the distribution of Y given that X takes
value x.

Interventional p(y | do(x)) : the distribution of Y if I were to set X
at value x (Pearl, 2010 ; Tucci, 2013).

x = x0

x = xobs

yobs

E[y|x0]

x = x0

x = xobsqy|x0

α

qy|xobs

α

Felix Cheysson Attributable risk MAP5, 05-03-2021 11 / 28



Functional causal models

Idea : dissociate the randomness on y from its dependency on x.

ux

x y

uy

β

(a)

ux

ux = 0,7

x

x = xobs

y

y = yobs

uy

uy = 0,2

β = β̂

(b)

ux

ux = 0,7

x

x = x0

y

y = yctf

uy

uy = 0,2

β = β̂

(c)

Figure � Causal model to answer the counterfactual question about a realisation
u = (ux, uy).

(a) The general model,

(b) The model speci�c to the observation u = (0,7; 0,2),

(c) The mutilated model for which the exposure is set to x = x0
according to the counterfactual question.
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A counterfactual estimator

Functional causal model :

x = ux,

y = fβ(x, uy),

Attributable risk :

FA =
fβ(x, uy)− fβ(x0, uy)

fβ(x, uy)
.

Counterfactual estimator, i.e. speci�c to the observation :

F̂A =
yobs − fβ̂(x0, ûy)

yobs
.

Remark : if uy ∼ U(0, 1) and fβ(x, uy) = F−1y|x(uy) = q
y|x
uy , then the

numerator is the di�erence between the observed quantile of p(y | x)
and the estimated quantile of p(y | x0).
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Attributable risk for Hawkes processes
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Motivation

Study the dynamics of contagious diseases and their transmission with
respect to risk factors.

Why the Hawkes process ?

Usual autoregressive models can be di�cult to interpret in a public
health context.

Low incidence diseases need discrete modelisation.

→ Hawkes processes (Meyer, Elias et Höhle, 2012).
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Point process

De�nition : Point process N on R

Measurable map N :

N : (Ω,F ,P)→ (N,N )

ω 7→ N(ω, ·)

where N is the set of locally �nite counting measures on R.

N(a, b] = 1 N(c, d] = 3

a b c d
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The Hawkes process

Conditional intensity λ∗ of point process N

λ∗(t)dt is the conditional probability that there will be an atom of N
between t and t+ dt, given the realisations of N before t :

λ∗(t)dt = P(N(dt) > 0 | {tj}, tj < t)

Linear Hawkes process on the real half-line (Hawkes, 1971)

Self-exciting point process de�ned by its conditional intensity function :

λ∗(t) = η +
∑
tj<t

h(t− tj)

where η, h are integrable nonnegative functions such that
∫
h < 1, and

(tj)j∈N are realisations of the point process.
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The Hawkes process

Linear Hawkes process on the real half-line

With exponentially decaying intensity :

λ∗(t) = η +
∑
tj<t

αe−β(t−tj)
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The Hawkes process as branching processes
0

1
2

3

In
te

n
s
it
e
 c

o
n
d
it
io

n
n
e
lle

0 1 2 3 4 5

Temps

G
e
n
e
ra

ti
o
n
s

0
1

2
3

Felix Cheysson Attributable risk MAP5, 05-03-2021 19 / 28



Epidemiological interpretation

Basic reproduction number

Mean number of infections caused by an individual

µ =

∫ ∞
0

h(t)dt

= α/β for exponentially decaying intensity
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Attributable risk for the Hawkes process

Question : How does a change in η or h impact the number of
events ?

Partial answer : For the mean, E[N(0, 1)] = η/(1−
∫
h).

For the variance, (Da Fonseca et Zaatour, 2014 ; Daley et Vere-Jones,
2003).

Counterfactual estimator :

Idea : Determine for each event the probability of it occurring under
the new set of parameters.
Problem : Can't plug in new parameters into the conditional intensity ;
some events depend on previous events occurring.

Probability that a point Tj is generated by Ti

P(Ti parent of Tj | Ti, Tj) =
h(Tj − Ti)
λ(Tj)

.
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Poisson process embedding

Random time change theorem

If (ti)i∈N is a point process with conditional intensity λ∗(ti), and
si =

∫ ti
0 λ∗(s)ds, then (si)i∈N is a unit rate Poisson process.

Simulation algorithms via thinning Poisson processes (Lewis et
Shedler, 1979 ; Ogata, 1981).

Alternative construction via embedded Poisson process (Brémaud et
Massoulié, 1996 ; Costa et al., 2018).

Let P denote a Poisson process with unit intensity on R× (0,∞). Then
N =

∫
R×(0,∞)

δu1{v≤λ(u)}P (du,dv),

λ(t) = η +

∫
R
h(t− u)N(du),

is a Hawkes process with conditional intensity λ.
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Poisson embedding for the Hawkes process
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Poisson embedding for the Hawkes process
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As a causal inference model

θ

λ(·) N

P

. Dissociate the random part P from the contribution of θ = (η, h) :
N =

∫
R×(0,∞)

δu1{v≤λη,h(u)}P (du,dv),

λη,h(t) = η +

∫
R
h(t− u)N(du),
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Monte Carlo estimation of attributable risk
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Monte Carlo estimation of attributable risk
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Multiple runs
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Attributable risk for each event
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Perspectives

Asymptotic properties ? Based on alpha-mixing properties of the
Hawkes process (Cheysson et Lang, 2020).

Aggregate datasets

↓

2 3 0 2 2

Adequate estimation method (Kirchner, 2017 ; Cheysson et Lang,
2020).

Estimate position of events (stochastic algorithms à la
Metropolis-Hastings).
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Simulate Hawkes in R (Ogata, 1981)

sim <- hawkes(T=10, fun=1, repr=1, family=''exp'', rate=2)

plot(sim, intensity = TRUE)
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Simulate Hawkes with inhomogeneous background intensity
in R (Møller et Rasmussen, 2005 ; Dassios et Zhao, 2013)

int <- function(t) exp(.5*cos(2*pi*t/5)+.3*sin(2*pi*t/5))

sim <- hawkes(T=10, fun=int, M=2, repr=1, family=''exp'', rate=2)

plot(sim$immigrants)

plot(sim)
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Residual analysis
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Idea : spectral approach
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